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Abstract 

We use a Gaussian wave functional for the ground state to reorder the Hamiltonian 
into a free part with a variationally determined mass and the rest. Once spon¬ 
taneous symmetry breaking is taken into account, the residual Hamiltonian can, 
in principle, be treated perturbatively. In this scheme we analyze the 0(1) and 
0(2) scalar models. For the 0(2)-theory we first explicitly calculate the massless 
Goldstone excitation and then show that the one-loop corrections of the effective 
Hamiltonian do not generate a mass. 


HD-T VP-95-11 


1 


1 Introduction 


Hamiltonian field theory has been the starting point of modern quantum held theory, but 
since then has been less used than Lagrangian held theory or action oriented approaches. 
The advantage of a Hamiltonian formulation |]^ is the appearance of ’’wave functions”, 
which are functionals of the helds and allow an intuitive understanding of the ground state. 
Recently, for the analysis of gauge theories [Q] and light-cone theory a Hamiltonian 
treatment has been revived. The concept of an ehective Hamiltonian, as exploited in this 
paper, has actually been developed recently in the context of one-dimensional light-cone 
theories There exists a substantial literature |^, ^ on the use of variational treatments 
in Hamiltonian held theory. One even hnds quantitative estimates of the Higgs-mass, 
based on this technique [0. The variational technique is inherently nonperturbative, so 
one hopes to capture features which go beyond the standard loop expansion. In many- 
body theory the Gaussian wave functional with an ehective mass corresponds to the 
self-consistent mean held theory. In fact, also more sophisticated methods of many-body 
theory like the cluster expansion [§ or the RPA-approximation can be used to improve 
the mean held result. 

In this paper we treat 0(A^)-models for iV = 1, 2 to analyse two main features, (z) 
the bounds on the mass m(l) of the massive scalar after renormalization, and {ii) the 
mass m(2) of the Goldstone particle. In the recent literature 0 a Higgs-mass of 2 TeV 
has been ’’predicted” for the experimentally given vacuum expectation value of the Higgs 
held in the Standard Model. We use a variational treatment of the scalar sector with a 
hnite cutoh and present results diherent from the previous estimates in Hamiltonian held 
theory: Mnigg^ <1-7 TeV. 

In previous Hamiltonian based work on the 0(2)-model a hnite Goldstone boson 
mass m{2) ~ m(l)/2.06 is obtained, in contradiction to Goldstone’s theorem. We will 
show that a symmetric Gaussian ansatz and a further rediagonalization of the ehective 
Hamiltonian exactly gives a zero mass Goldstone excitation. This result forms the basis for 
any further exploration of the Higgs model or more complicated gauge theories like QGD. 
Possible problems due to the violation of local gauge invariance, which in general appear 
in approximative treatments, will be avoided by starting with ’’gauge hxed Hamiltonians” 
from which the redundant degrees of freedom have been eliminated [Q. 

There has been an extensive discussion of the Gaussian Ehective Potential (GEP) 
H. The emphasis of that work has been to calculate the energy of the vacuum as a 
function of the symmetry breaking zero mode of the held. In general the mass gap or 
the spectrum of particles, however, is the more interesting phenomenological quantity. 
Therefore one has to address the problem of calculating the energy and the dispersion 
relation of excited states. From our point of view the Gaussian wave functional presents 
an efficient way of reordering the Hamiltonian into quadratic and higher polynomial parts. 
Our approach is time-independent; recently, also time-dependent variational equations 


have been investigated in 0^ held theory ||l0 |. 


In 0 + 1 dimensions, i.e. quantum mechanics, the anharmonic oscillator is an eluci¬ 
dating example. It shows the problems we are facing in the case of spontaneous symmetry 
breaking (SSB) in the 0(2)-model. The ground state solution of H 


H = ^ + Xx‘^, 


( 1 ) 


is approximated by the Gaussian wave function 


^oix) = exp 


--G(a: - Xof 


( 2 ) 


Minimization of the expectation value of the Hamiltonian operator. 


U(xo,SJ) = {MH\M 


= 


1 2 2 

4!J + 2™ 


3 2 3 

— r -I_ 

G ° 4G2 




(3) 
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with respect to Xq and gives the equations 


Xo ^ = 0 , 

—m? — 12 Aa;Q “ ^ ^ ^• 


For the case Xq 7 ^ 0 one explicitly hnds 


(4) 


= %\xl. (5) 

Equivalently, one defines the trial ground state via creation and annihilation operators 
and an, 


«o| 0 g) — 0 , 

{ 0 g| 0 g) = 1 , 

( 0 G|a:| 0 G) = Xo. ( 6 ) 

Note that in this way excited states are also implicitly defined. Coordinate and momentum 
are correspondingly decomposed 


P = 


(ao - 4 ) and 


Normal ordering with respect to an and a 


2 2 

: X : = X — 


: x^ : = x^ — 


4 4 

: X : = X 


2 2 

: p : = p 


The normal ordered Hamiltonian reads 



Q, which is denoted by : yields 


1 

3 

^ ■ 



'2 ■ 


H = + Ax^ 

H 3A 2 3A 

H—7 + 777 + 77" + 7777 • • 

4 4H H 4 H 2 


(7) 


( 8 ) 


(9) 


Herewith one easily verifies eq. (^. Now we consider the difference = H — Vq and 
using eqs. we obtain 

Hr = + ^){x‘^ - xl)^ + \{x^ - x^^) : 

= + “ 12Ax^)(x^ - x^)) + A(x^ - x^) : 

= : ^ + H^x^) + Ax'^ + 4AxoX^ : . (10) 

Hr can be rewritten in terms of the creation and annihilation operators 

Hr = Ho + Hi, ( 11 ) 
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with 


Ho — ^la^aQ, (12) 

/ 1 \ 5 

Hi = ^-^^0 j (oq + + Saj?an + ) 

+j (a^ + ^anOn + SaJfaQ + 4aD*an + , (13) 

where we separated the harmonic part Hq. The remaining part of the Hamiltonian, i.e. 
Hi, will be treated in perturbation theory. We will see that the use of perturbation theory 
is well justified if H is large. This is obvious for Xq = 0, where only the quartic interaction 
is present. In the ’’broken” phase, however, there is a cubic interaction with an effective 
coupling constant containing Xq. An explicit (second order) calculation shows that for 
localized trial states the relevant gap between the hrst excited state and the ground 
state Eq is dominated by the splitting of energy levels for the unperturbed Hamiltonian 

- Bo = Si (l - . (14) 

In our system of units H, m and H have units of energy, [H] = [m] = [H] = E, [x] = 1/^/E 
and [A] = E^. One can see the intuitively obvious fact that the corrections are small for 
large H. To be more specihc, A/H^ has to be smaller than unity for perturbation theory 
to hold. In the opposite case the Gaussian approach fails and higher clusters play an 
important role. 

For the two-dimensional problem in quantum mechanics, a similar variational treat¬ 
ment is possible. The Hamiltonian of this 0(2)-model reads 

H = \{pI+ Pf) + + A + |/^)^ (15) 

Here, in quantum mechanics, the best approach is to rewrite the Hamiltonian in spherical 
variables and solve for the radial wave function. However, this cannot be easily generalized 
to quantum held theory and therefore we will stick to Cartesian coordinates. Our main 
new idea is to use a Gaussian wave function 



with the same size parameter in longitudinal and transverse direction. This will be seen 
to be a good starting point for quantum held theory, because it preserves Goldstone’s 
theorem for higher dimensions of space-time. Thus the same parameter G appears in the 
decomposition of coordinates and momenta in two dimensions 


Px = , 

* = (an + aJi) 

Py = , 



The same variational treatment as before leads to the normal ordered form of the ehective 
Hamiltonian, Hr = H — Vq = Hq + Hr 

Ho = ■\pI + ^( 211 ^) 5 ^ + \pI-^ 

Hi = : AXxqX^ + Xx'^ + 2Xy^x^ + AXxoXy"^ + Xy^ : . ( 17 ) 
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Only the more interesting case Xq 7 ^ 0 is considered. Because of the appearance of 
20 ^ = SAxq, with Xo := [(—— 8A/r2)/4A]^/^, in front of the quadratic term x'^ and 
the vanishing of the term purely quadratic in y, the normal ordered form Hq has not the 
usual representation in terms of the occupation number operators and b^bn. It is 

therefore necessary to introduce two Bogoliubov transformations for the pair of operators 
an, ah and bn, b^ in order to diagonalize Hq. To preserve the commutation relations one 
has 


u = coshaoQ + sinhaa^, 

V = cosh/5 + sinh/3 (18) 

where a and f3 are determined from commuting u and v with Hq\ 

[u. Ho] = uiu, 

[v,Ho] = UJ2V. (19) 

The eigenvalues of these commutation relations are indeed the physical energy eigenvalues. 
One hnds tanh a = 3 — 2\/2, tanh (3 = —1 and 

Ui = 

cua = 0. (20) 

The zero eigenvalue for the y-oscillator is related to the fact that the effective classical 
potential is flat after spontaneous symmetry breaking in x-direction. The Bogoliubov 
transformation, however, is formally not well dehned, since we have (3 = — 00 . This re¬ 
flects the fact that there is no unitary transformation between non-normalizable plane 
waves and normalizable oscillator wave functions. In section (4) we will regularize the 
theory such that the second frequency is non-zero and, consequently, the wave function 
is normalizable. This also renders the Bogoliubov transformation to be well behaved, i.e. 
unitary. Furthermore, the perturbative corrections due to Hj will yield a hnite frequency, 
even in the limit where the regulator is removed. 


2 Effective Hamiltonian for scalar field theory 

The methods described above can be applied to held theory in z/ spatial dimensions. In 
this section we discuss the one-component theory, i.e. the 0^ model. The expectation 
value of the Hamiltonian with respect to a Gaussian trial state is calculated, minimized 
and subtracted from the Hamiltonian. This yields an effective Hamiltonian containing a 
renormalized mass and new interaction terms. The latter only appear if the original re- 
hection symmetry, 0 ——0, is spontaneously broken. In this method symmetry breaking 
effects are taken into account in a nonperturbative way. The resulting effective Hamil¬ 
tonian may be treated in a perturbative way. In held theory the appearing integrals are 
ultraviolet divergent; in the following they are assumed to be regularized via a momen¬ 
tum cutoh or dimensional regularization. One may introduce renormalization constants 
for the mass, the coupling constant and the wave function. In dimensional regularization 
one can avoid an explicit mass renormalization. It is important to see that the ehective 
Hamiltonian scheme contains a new physical mass. In this section we do not perform an 
explicit renormalization. We merely assume the theory to be regularized and that the 
resulting equations can be solved. Details of a full renormalization and explicit solutions 
will be discussed in section (5). 

The Hamiltonian for 0"^ theory in terms of ’’bare” quantities is given by 


H 


Hx 


+ ^(V0b) 2 + ^m|0| + Ab0^ 


( 21 ) 
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where tib is the conjugate momentum of (j)B, 


[tib{x), (pBiy)] = -iS'^ix - y). (22) 

This commutator is to be understood as an equal time commutator. Since we work in a 
time-independent scheme, the time variable is suppressed. We explicitly introduce a held 
renormalization constant Z^, 


(t)B = Z^((), 

tib = Z^^'k. (23) 


The canonical commutator, eq. (|^) is preserved in this way. Inserting this into the 
Hamiltonian yields 


H 


(fx 




(24) 


The variational calculation starts with the introduction of a trial ground state, | 

It is dehned via 

ao(fc)| = 0, (25) 

with corresponding held (momenta) expansion 


0(f) 

7r(f) 




-iZl 


nu{k) \an{ky^'^ - al{k)e-^^-^ 


(26) 


The energies uj{k) = y k'^ + Q? also appear in the measure 

/ d^'k 

[dkjn = 


(27) 


2(2TrYLj(k} 

as well as in the canonical commutation relations of the creation and annihilation operators 

aQ{k),aQ{k') = 2{2ny(jj{k)5''{k — k'). (28) 


Note that the 0o dependences of aQ,{k) and a\^{k') are also suppressed. The state | 0 )n,(i)o 
is normalized, 

o,</.o(0 I 0)f^,<Ao = 1- (29) 

The quantities 12 and 0o are the variational parameters of the calculation. 

As a next step we again normal order with respect to the operators and aj^; this 
normal ordering is denoted by : : . One obtains 

:02: = 02-Z^-%(O2), 

: 0 ^: = ct>^ - QZ^H,{ny ■. cy ■. 

;(V0)2: = (V0)^-Z0'/i(O2) + f^-^O%(O2), 

iTT^; = T:^-Z^h{ny, (30) 

where the integrals are dehned as 

/„(ff) = I (dk)„(u^(k)f. (31) 
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For certain combinations of v and iV these integrals are divergent. Here we assnme them 
to be regularized in such a way that the ’’naive” relation 


dVt 




(32) 


holds for the regularized equations. With eqs. (|30D one can write the Hamiltonian in 
normal ordered form 


H = 


: j d‘'x\^z;V + ^Zt{V4>'y 


+ 9(^5 + Ji — Iq + — m^/o + SA^/g 


(33) 


where we suppressed the argument of the integrals: Jjv = The expectation value 

of the Hamiltonian density, Ti, with respect to the trial state is known as the Gaussian 
Effective Potential (GEP) 

VG{4>0y^‘^) = 0,(/-o( 0 I I 0 = 

= h + 2 ^'^‘b ~ + 2^'^‘^b + 12As/o)Z0(;/)q + XsZ'^cjyQ. (34) 

Because of the possibility of spontaneous symmetry breaking, normal ordered helds still 
can contribute to Vd, e.g. 

0 h : I 0 )n,^o = (35) 

The variational principle, which is expressed by the equations = 0 and = 0, yields 
the gap equation 

+ 12Ab Iq + ZfpcpQ , (36) 

and 

m\Z^(l)o + 4ABZ|0g + 12 Ab/oZ00o = 0. (37) 

It has to be verihed that these equations do correspond to a minimum 


Tl[|. Here we pro¬ 


ceed by assuming that these equations hold and that their solutions indeed minimize the 
trial vacuum energy. The vacuum expectation value is subtracted from the Hamiltonian: 


Hr = H- j d'^xVa =: J d’^x^Z^^n^ + 
2 


{mi, + 12As/o)^0(0^ - do) + ^bZ^M - ^ 0 ) 

The bare mass can be eliminated with the gap equation, eq. (|36|), 
Hr = : f d’^x 


(38) 


\z;V + iz*(v.^)" + \iXz4d>"- - ‘t'D 

+ \bZH4>* - <t>t) - ^XbZI'PM - <t>l) 


and Hr is rewritten in terms of the fluctuating field d := d 


TT = TT 


Hr=-. d^x 


+ Aszjy + i\Bzi4,„4? 


(39) 


(40) 


This simple form, in particular the vanishing of the linear term in d, follows from the 
variational equations (|36|, ^). Redehning held and momentum as. 


= z: 




(41) 
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finally yields the effective Hamiltonian 


Hr=-. 





( 42 ) 


Obviously, the mass is given by the variational parameter If the symmetry is spon¬ 
taneously broken, i.e. 0o 7^ 0, the physical mass and the vacuum expectation value are 
related by (cf. eq. (||)) 

= 8XbZ^<PI. (43) 

A similar relation appears in the (9(2)-model and has important consequences for phe¬ 
nomenology. 

Standard perturbation theory with the unperturbed free Hamiltonian Hq 


H,= :j 

and the interaction term Hj 

Hi = -. 






(44) 


(45) 


yields the ground state energy 

1 1 i—iY r r 

-{0\H\0) = Va{(j)o) + 0 \Hi{0)Hi{t,)...Hi{tn)\0), (46) 

H V n\ J J 


where Hi{t) is the interaction Hamiltonian in the interaction picture: 


Hj{t) := 


(47) 


In ref. the expectation value {H)/V is called generalized Gaussian Effective Poten¬ 


tial. It consists of the standard GEP, obtained variationally, and perturbative corrections 
due to the effective interaction Hamiltonian. Note that the latter contains a new, cubic 
interaction term generated nonperturbatively by spontaneous symmetry breaking. 


3 Effective Hamiltonian for the 0 ( 2 )— model and Gold- 
stone bosons 

Two-component self-interacting scalar held theory is the paradigm for the Goldstone 
mechanism. A simple, classical treatment serves as textbook example for the occurrence 
of massless particles due to the spontaneous breaking of a continuous symmetry. It merely 
consists of a longitudinal shift of the held by a non-zero vacuum expectation value which 
is found by minimization of the classical potential. A vanishing mass term with respect 
to the transverse direction is interpreted to correspond to a massless excitation, i.e. the 
Goldstone boson. 

Up to now, a satisfactory quantum mechanical analysis is lacking. Of course, quan¬ 
tum corrections could destroy the simple, classical picture and its consequences sketched 
above. In fact, this necessarily happens in one space dimension because of Goleman’s 

0. 


theorem 


Since exact, analytical solutions, even restricted to the ground state prop¬ 


erties and masses, are beyond present possibilities, approximations have to be made. A 
variational approach, using Gaussian wave functionals with two mass parameters, indeed 
yields spontaneous breaking of the 0(2) rotational symmetry ||^. As mentioned in the 
introduction both excitations, however, are massive; in conhict with Goldstone’s theorem. 
The reason is that the symmetry is not only broken because of a non-vanishing vacuum 
expectation value of the held but also by the use of different masses in the wave func¬ 
tional. The variational ansatz was formulated in the ’’Gartesian” basis; a formulation in 

















radial and angular ” coordinates” may avoid this problem. Conceptual problems with the 
quantization have prohibited such an analysis until now. 

The (Cartesian) Gaussian ansatz with different masses is also not compatible with 
an interpretation in terms of charged scalar particles. This happens in the Abelian Higgs 
model: the Cartesian components of the field are combined in a complex field, describing 
particle and anti-particle excitations. Of course, particles and anti-particles should have 
the same mass. The problems concerning the ansatz with two mass parameters will 
be discussed in more detail in section (6). 

In view of these arguments we do a variational calculation with one mass. The 
procedure retraces the steps outlined in the introduction. First, the 0(2)-symmetry can 
only be spontaneously broken due to a non-vanishing expectation value of the field. The 
second step, of course absent in the symmetric phase, is to diagonalize the quadratic part 
of the effective Hamiltonian. In contrast to the one-component case this is, in principle, a 
non-trivial Bogoliubov transformation. It is necessary because of the use of only one mass 
parameter and, consequently, only one gap equation. This transformation finally leads to 
two different masses. In fact, in the broken phase we obtain zero mass excitations, i.e. 
the Goldstone bosons. 

The Hamiltonian for the 0(2)-model is given by 


H = dJ'x 


+ Ab) + + (V02i?)^) + -m|0' 


+ A 


S' 


(48) 


where 0^ = The equal time commutation relations are 

[7rfcij(T), (pwiy)] = -iSkiS'^ix - y). (49) 

Again we introduce the renormalization constant and rewrite the Hamiltonian in terms 
of renormalized fields and momenta. 


H = 


I rx + xl) + + {VM") + + \bzI^‘ 


Note that only one wave function renormalization is necessary. Analogous 
one-component theory we introduce a trial ground state 


|0)o,(/>oi® |0)n,(/>o2 5 


(50) 
to the 

(51) 


0i(f) = (j)oi +z^^ j{dk)n 

'ai{k)e^^-^ + a\{k)e-^^-^' 

02(T) = 002 + " y idk)n 

'a2{k)e^^" + al{k)e-^^-^' 

7ii{x) = -iZ^ j {dk)n(x{k) 

ai(fc)e'^-"-al(fc)e-'^-"' 

7r2(T) = -iZ^ J {dk)nuj{k) 

a2(fc)e'^-"-4(fc)e-'^-"' 


(52) 


where the index G of the creation and annihilation operators is omitted. We normal order 
with respect to the trial ground state state (cf. eqs. (^)): 


: tt. 


^-1; 


- 8 z ;^/ o ( g 2 ) ; 02 ; -8zfi,{ny, 

-1 


:(V0,)2: = (V0,)2-VA(G2) +Vg2/o(G2), 


(53) 


9 















where j = 1,2. In the following we again suppress the argument of the regularized 
integrals: Jjv = The Hamiltonian in normal ordered form reads 


H = I (fx 
1 




T T 16Ab/o)^</, 0 + + 2/i + (m^ — H )Iq + SXbIq 


(54) 


The expectation value of the Hamiltonian density in the trial ground state is readily 
calculated from this expression, 

Tg( 0O; = 2 16As/o)^</,0o T + 2/i + {m\ — H^)/o + SXbIq, (55) 

with 0Q = + 0Q2. The variational principle yields 


+ 8Xb 2Iq + Z^pcf)^ 


(56) 


and 

'm%Z^(f>o + 4AsZ|0g + 16 Ab/o2’00o = 0. (57) 

For 0Q 7 ^ 0 these equations imply = AXgCplZ^. Note that only the magnitude 0 q 
follows from these equations. Because of the rotational symmetry the direction is arbi¬ 
trary. Furthermore, these equations have to be supplemented by the condition that the 
extremum indeed corresponds to a minimum. As in the previous section we assume these 
equations to be fulhlled and continue by subtracting the vacuum expectation value from 
the Hamiltonian 


Hr 



d’^xVa = 

+ irl) + 

I + l(i\Bh)z^,{,(‘ - 4>l) + \BZl{<t>* - 4>l) 


(58) 


The bare mass parameter is eliminated via the variational principle, i.e. with eq. (|56D , 


Hr = 


: /+ 4) + lzMV4>,? + [Vh?) 
+ - 8AbZ*4)Z4,).‘" - 4) + \bZI(4 - 4) 


(59) 


Concomitantly, the divergent integrals have been removed. For 0o = 0 one again hnds 
(after rescaling) that the masses are both given by The resulting effective Hamiltonian 
obviously is 0(2) symmetric. 

In the following we will consider the case 0o 7^ 0. The shifted helds (p are dehned as 


Then one obtains 

and 

where 


01 — 01 — 001 — 01 — 00 cos a, 

02 = 02 — 002 = 02 —00 siu Cl. 

0^ — 00 = 0^ + 20oT(0), 

<Pt = ^^ + 40oT(0)02 ^ 40^2^2^^) ^ 20Vo + 40;)T(0), 
L{(p) = (pi cos a + (p 2 sin a. 


(60) 

(61) 

(62) 

(63) 
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Substituting this in the effective Hamiltonian and using the extremum conditions, eqs. 
(H, gives 


Hr 



^(^1 + ^ 2 ) + + (V(^2)^) 


+ + 40o-h(0)0^) 


(64) 


In terms of the rescaled fields (j)j and momenta itj, 



(65) 


one finally gets the effective Hamiltonian for the vacuum with spontaneously broken 
symmetry. It is characterized by 0o and a: 


Hr = 


^ ' 2 I -2\ I 1 //wl \2 




(T X 

^2t2/I\ , \ ^74 


Q^L\<P) + + 4Z|0oi^(0)r) 


( 66 ) 


We emphasize that spontaneous symmetry breaking, i.e. the non-trivial vacuum and 
its consequences, are taken into account in a nonperturbative way. Consider the quadratic 
part of the Hamiltonian, which is normal ordered with respect to the operators aj. It is 
non-diagonal and needs to be diagonalized by means of a Bogoliubov transformation. This 
can be done for an arbitrary angle a as will be shown in Appendix A. In the following 
we will choose most conveniently a = 0, for which the (pi and (j )2 modes decouple and the 
mass term simplifies. The quadratic part of Hr then has the following form: 


Hn = : (Hx 


-(tT^ + TT^) + -((V0l)^ + (V02)^) + 


(67) 


and corresponds to eq. ([T3| ) for the quantum mechanical example. In terms of the 
annihilation and creation operators one explicitly has the non-diagonal form: 


Hn = 


uj{k) a\{k)ai{k) + a 2 {k)a 2 {k) 


/ r t.A t/ A t 


■ 


ai{k)ai{—k) + 2ai{k)ai{k) + ai(A;)ai(—fc) 


Au}{k) V 

a2{k)a2{—k) + 2a2{k)a2{k) + a2{k)a2{—k) 


( 68 ) 


For the following it is more convenient to change to a new set of creation and annihilation 
operators with cu-independent commutation relations 

ai{k) = \l 2{27r)’'u{k)a{k), 

a2{k) = \J 2{2'KYoj(k)b(k). (69) 

Analogous expressions hold for a\ and al- Recall that uj{k) = In order to 

diagonalize the quadratic part of the Hamiltonian we define the following Bogoliubov 
t r ansfor mat ion: 


u{k) = cosh a{k)a{k) + smha{k)a^{—k) = Ua{k)U\ 

v{k) = cosh f3{k)b{k) + sink f3{k)b\—k) = Ub{k)U\ (70) 
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with 


U = exp 
In terms 

where C 


(Tk^aik) {a\k)a\—k) — a{k)a{—k)^ + P{k) (b\k)b\—k) — b{k)b{—k)^'^ 


(71) 


of the operators u and v the quadratic part of the Hamiltonian Hq now reads 


H. = / d'^k 


uji{k)u^ {k)u{k) + u:2{k)v\k)v{k) + C, 


U 


(72) 


is an irrelevant c-number. This determines the functions a{k) and f5{k): 


tanh a{k) 
tanh/d(fc) 


2uj{kf + - 2uj(k)\/k^ + 

\-2uj{kf + + 2uj{k)k 


(73) 


In the limit k ^ 0 these ’’angles” agree with those of the quantum mechanical example. 
The energy eigenvalues are readily obtained by commuting Ho with the quasiparticle 
operators u and v (cf. section (1)). This yields 


uji{k) = ^k^ + Ml 

U2{k) = ^P + Ml (74) 

where the physical masses are 

Ml = ^^2, 

M 2 = 0. (75) 

The Goldstone boson is indeed massless. The ground state | 0 )mi,M 2 of quadratic part 
of the Hamiltonian Hq is given by 

\0)muM2 = (76) 


It contains a coherent superposition of correlated boson pairs with vanishing total mo¬ 
mentum. Analogous states appear in the theory of superfluidity and in the BCS theory. 

Finally, we note that the explicit renormalization for the one-component theory (cf. 
section (5)) can straightforwardly be extended to the 0(2)-model. Due to our ansatz 
with only one mass parameter, the structure of the Gaussian Effective Potentials, eqs. 
(P^) and ( 55j), as well as the variational equations (cf. eqs. (^61), (|37D , (|56|) and (^Tj)) 
is identicalTThese expressions only differ by some numerical coefficients and we do not 
expect that the qualitative behaviour of the solutions changes. 


4 Perturbation theory for the 0(2)—model 

The Bogoliubov transformation, cf. eqs. (p^, [7T|) , also modihes the non-quadratic terms 
of the effective Hamiltonian. As we will show oelow, new quadratic terms are generated 
and thus the Goldstone bosons could acquire a mass. These new terms, however, are 
one-loop contributions and, in order to work consistently, all one-loop contributions of 
the effective theory must be taken into account. Alternatively speaking, the possible mass 
corrections are of order in the effective theory and, again for consistency, one needs 
to include all contributions of order Xb- Note that, since 0o ~ 0oAs is of order a/Xb. 
In this way, the equivalence of the loop- and coupling constant expansion is transparent 
to this order. 

In this section we will explicitly show that the possible mass corrections cancel and, 
as a consequence, that the Goldstone bosons remain massless in field theory. In order to 
control infrared divergences in perturbation theory with massless particles we introduce 
an explicit symmetry breaking term in the Hamiltonian. This also slightly modihes the 
variational calculation. Finally, the infrared regulator is taken to be zero. Again we 
treat the quantum mechanical model hrst. It is interesting that, although the one-loop 
contributions are infrared hnite, the zero frequency disappears in quantum mechanics. 
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4.1 Quantum mechanics 

We start by adding an explicit symmetry breaking term to the Hamiltonian: 

Hs = -5^fx. (77) 

The same variational approach, with the new variational parameters and xs requires 
the minimization of 

VS = Vg- 6^fxs. (78) 

After doing this we take / = Xq, i.e. the expectation value for 5 = 0 (cf. section (1)), and 
we obtain 

n^s = ^\x^s + S^ + 0{S^). (79) 

Furthermore, one can easily verify that 

^2 = n^ + 0{6^) 

xj = xl + 0{6^). (80) 

More explicit expressions, which are irrelevant at the moment, will be given for the held 
theoretical case. The physical frequencies correspond to the diagonal quadratic part of 
the Hamiltonian 


uf = + 0{S^), 

ool = (81) 

i.e. the normal modes in the y-direction have a hnite frequency. After the unitary 
Bogoliubov transformation the Hamiltonian reads 


with 


and 


Hi 


Hi = Ho + Hi, 


Ho = UiU^U + UJ2V^V, 



+ 4x5 A 



7^ + 


X + H 


3 1 

U2 UJi 



(82) 

(83) 


(84) 


As denoted the Hamiltonian is reordered with respect to the {u, v) ground state. Moreover, 
a constant is omitted. 

We are interested in the energy shift of the hrst excited state of the y-oscillator. The 
energy difference between this state and the ground state is 5 for Hq, but will be changed 
by the perturbative part of the Hamiltonian. We want to calculate its correction in hrst 
order in A. The y'^ term, from now on denoted by Vq, gives a contribution of order A and 
will be taken into account in hrst order perturbation theory. The terms proportional to 
Xs must be taken into account in second order perturbation theory since x^X^ ~ A. Let 
us dehne 

U = A\xs{Ui + U2 + Uo), (85) 

where 


Ui 

U2 

Uo 


: xy"^ :, 

f—+ —--b 

V2u;i 2ui ns) ’ 


( 86 ) 
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Here and in the following we omit the label (n, v) at the normal ordering symbol. The 
nnpertnrbed energy eigenvalne is 

= ^2. (87) 

The order A correction to AEy is given by the energy difference between the excited state 
I nx', rzy ) = I 0 ; 1 ) and the gronnd state | Hx', Uy) = | 0 ; 0 ): 

AEx = AEi^^ + AEi^^ 

= (0;l|Ho|0;l)-(0;0|Ho|0;0) 

, ^(0;l|f/|iV)(iV|f/|0;l) ^ ( 0; 0|f/|iV)( iV|f/|0; 0 ) 

+ ^- Eo - p -- p -• 

N - tjN jV 


The snbtraction of the change in the gronnd state energy corresponds to the omission of 
disconnected contribntions in held theory. For one easily obtains 



UJl VcUi UJi 


(89) 


The calculation of the remaining part is facilitated by noting that the possible contributing 
intermediate states, starting from the state | 0; 1), are 11; 1), | 1; 3 ) via Ui, | 1; 1) via U 2 , 
and I 3; 1) via f/ 3 , respectively. Therefore, there is only one contributing ’’interference” 
term, i.e. U 1 U 2 with the intermediate state | 1;1). The f/| and [/| terms are obviously 
cancelled by the ground state subtractions, whose relevant states are 11 ; 2 ), | 1 ; 0 ) and 
I 3; 0 ) for 17i, t /2 and Us, respectively. As a consequence, also part of the Uf contribution 
is cancelled. In this way we obtain 



16A^a;| 

2 UJ 2 OJ 1 

IQX^xl 

2 uj2Ujf (2 UJ 2 T cui) 

/ 3 1 4 \ 

UJ 2 UJ 1 \2(ni 2uj 2 Xls J 


(90) 


where the hrst line is the Uf contribution via the intermediate state | 1; 1). The second 
line is also a Uf contribution, but from the intermediate state 11; 3 ) (including the ground 
state subtraction). The third line is the contribution of the interference term UiU 2 - Using 
lOA^a;^ = 2 A(ci;^ — ujI) + 0{5^) gives 


= 


A A 

2 2 


+ A 


A - A 


U 1 C 1 J 2 (2 ci 22 T a^i) 
A A / 3 1 


—-I-1- 

uf U2 Vcni a;2 iU/ 


022 vcui a ;2 

Further expanding in 5 and adding the terms hnally yields 


AK, = 


ojf 


0(S). 


(91) 


(92) 


Consequently, all the possible infrared divergences cancel and the limit 5 0 is trivial. 

The (would be) zero frequency becomes hnite in perturbation theory. 

Naively, one may expect more severe infrared problems in the corrections to the 
frequency of the x-oscillator. An explicit calculation, however, shows that also in this 
case these infrared divergences cancel and the order A correction is hnite in the limit 
5 —0. Of course, this does not exclude infrared inhnities in higher order. 
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4.2 Field Theory 

The phenomenon we described above could generate a Goldstone mass in held theory. 
We will explicitly demonstrate, however, that due to a different infrared behaviour this 
does not happen. In contrast to quantum mechanics the zero Goldstone mass does not 
get changed in perturbation theory to this order. 

We add an explicit symmetry breaking term to the Hamiltonian of the 0(2)-model 
(cf. eq. (H)), 

Hs = H - J d''x(t)i{x). (93) 

We repeat the variational calculation of section (3) but with the new parameters and 
05. Gonsistent with the added symmetry breaking term we take a = 0 from the beginning, 
i.e. 001 = 00 and 0o2 = 0. The expectation value of the Hamiltonian density now reads 


V)^(05,G5) = Hg(05,G5) - f6^JZ^cj)s 


(94) 


with Vq from the previous 0(2) calculation, eq. ([55|). Minimization yields the same gap 
equation (0), but in the new variables. The 05 equation, however, is modified 


+ IQXbIq) — JZ^fd . 


(95) 


For convenience we fix / in the usual way, i.e. / = y'Z<^0o, where 0o is determined by 
eqs. (|56|) and (^). (These equations also yield G). With this choice one obtains 


+ 


^0 + 


1-8Ab/_i(G2) 

52 1 + 8Ab/-i(G2) 


AXbZ^I-SXbI-i{9?) 


+ 0(5^), 

+ 0{5^). 


(96) 


In the following we proceed as in section (3). First, the vacuum expectation value of 
the Hamiltonian is subtracted and the bare mass is eliminated with the gap equation. 
Secondly, we shift the held 0i, 0i = 0i — 05 and insert eq. (|95|) in order to get rid of the 
linear terms. Finally, we rescale the fields and find 


with 


= 


(T X 


-(tT^ + -kI) + -((V0l)^ + (V02)^) 


' 2^1 *^1 2^202 + ^b{ 


+ 4Z;^0o0i02) 


Ml = 2nl-5^+ 0{5^), 
Ml = 5^ + 0 {5^). 


(97) 


(98) 


The normal ordering is still with respect to 125 . The Bogoliubov transformation which di¬ 
agonalizes the quadratic part of the Hamiltonian corresponds to a reordering with respect 
to the corresponding operators u and v. As before, this simplicity is due to the choice 
a = 0. Apart from a constant, the result is 


Hi = Ho + Hi, 


(99) 


with the free, diagonal Hamiltonian 


Hn = : (Hx 


-{ttI + ttI) + -((V0i)^ -1- (V02)^) -M^cfl + -Ml(l)l 


( 100 ) 
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and the interaction terms 


Hi 


: J (TxXb r + ^\IZ, 

+ (3/o(M2) + Jo(M2 )- 

+ [6Io{M^) + 2Io{M^)-8Io{n^s 
+ (6Io{M^) + 2Io{M^)-8Io{n^s 


01 

)) 0 ? 



( 101 ) 


Hq describes free particles with energies E^\p) = Ml + p^ and E^\p) = \J 
for given 3-momentnm p. We are interested in possible mass corrections to the Goldstone 
boson, i.e. particle 2. It is convenient to take the limit p ^ 0 and eventnally we want to 
stndy the limit 5 J, 0 in order to see whether the Goldstone boson remains massless. 

The pertnrbative calcnlation is completely analogous to the quantum mechanical 
example. The latter is actually contained in the held theoretical framework; it formally 
corresponds to zero space dimension (z/ = 0) (without the particle interpretation). The 
extension of the dehnitions of the potentials is straightforward and will be assumed from 
now on. Again the t /3 pieces are disconnected and, consequently, irrelevant. As in quan¬ 
tum mechanics, the hrst correction is trivially calculated. 


aeW(p = 0) 


lim 

P™ (0;p|0;p) 

2 A 

\h{Ml) + 3/„(Mj) - 


( 102 ) 


The rest of the calculation is slightly more involved than in quantum mechanics since 
one has to integrate over the momenta of the particles in the intermediate states. After 
subtracting the disconnected pieces we obtain 


AEf(p = 0) = 


f d’^q 

M 2 

M 2 

16A|Z^0i 1 


Mo 


2(27r)3 ^^2 + Ml + ]vf| M 2 - + Mf - ^+ M| 

d'^q I I 1 

3Jo(M2) + /o(M2) - 4Jo(G2)1 . (103) 


M( L 


Here the same order of presentation as in eq. (|^ has been chosen. Recall that some 
ultraviolet regularization is assumed. The numerator of the common prefactor can be 
written as 


16A|Z^02 ^ 4Ab(G2-52^+0(^4) 

= 2\b{MI-MI) + 0{5^). 


This enables us to rewrite eq. (|103|) as 

2A 


AEf(p = 0) = 




M 2 


Io{Ml) - I,{Ml 


+ Io{Ml) - Io{Ml) 
-3Jo(M2)-/o(M2)+4Jo(G^) 


+ 0(5). 


(104) 


(105) 


This equation is proved in Appendix B where also the quantum mechanical result will be 
rederived. Gonsequently, 

AE2{p = 0) = AE^2^\p = 0) + AEf\p = 0) = 0(5), (106) 
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which means that in the limit 5 J, 0 the Goldstone boson indeed remains massless to this 
order. The 0{6) in the last two equations is only valid for space-dimension z/ > 2, which 
is indeed relevant for the Goldstone boson interpretation. In the one-dimensional case 
a logarithm appears, i.e. one hnds 0(5In5). This also vanishes in the limit 5 | 0 and, 
consequently, does not reflect Goleman’s theorem 
hnite corrections: the frequency is non 
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_ In quantum mechanics there are 

in the limit 5 J, 0. Again the non- 


-zero even 

normalizable plane waves (with zero momentum) are avoided. Finally, just as in quantum 
mechanics, the analogous calculation in held theory yields that the one-loop corrections 
to the massive excitation are infrared hnite. 


5 Renormalization of the GEP at finite momentum 
cutoff 

Much ehort has been put into the renormalization of the Gaussian Ehective Potential 
of scalar i, 0, i- Generall y, it is believed that after the regulator is removed, A0^- 
theory becomes trivial (see e.g. [|l3)- We do not consider here the so called ’’autonomous” 
renormalization scheme, which has been developed in ref. P| and critically examined in 
ref. The great success of the Standard Model gives special importance to a detailed 
understanding of spontaneous symmetry breaking and of the Higgs-Mechanism. One 
expects that the ehective potential of the true underlying theory develops a nontrivial 
minimum for certain values of the parameters. The A0^ theory might not be a sufficiently 
good approximation to the underlying theory at energies much larger than some maxi¬ 
mum value A, which may be given by the scale of Grand Unification or the breaking of 
supersymmetry. Therefore we explicitly keep a hnite momentum cutoh, i.e. all modes 
with momentum larger than A will be discarded and the regulator will not be removed 
after the reparametrization in terms of the new ’’renormalized” parameters. All dimen¬ 
sionful parameters, variables and resulting expressions for the GEP will be expressed in 
units of the cutoh A: 


X := G^/A^, 

rh^ := m^/A^, 

- 2 2 / A 2 

■= rriR/^ , 


Xo := G^/A^ 

:= 


(107) 


where is dehned as the solution of the gap equation 


_ ) for 00 = 0. The ehects of 

vacuum huctuations become hnite and the resulting /jy-integrals can be written in units 
of A (see Appendi x G) . 

In analogy to ref. 
the value A: 


]14 | we assert that the physical parameters do not exceed one half of 


X < 


$0 < 


(108) 


As we will see later, the phenomenological results of the calculation are rather sensitive 
to the exact value of this upper limit. In any case it should not exceed unity. 

We impose the renormalization conditions: 


m 


2 

R 


A 


R 


1 dWg(«Fo) 

4! d4>4 


$2=0 

$ 2=0 


(109) 

( 110 ) 


By inserting the expression for the GEP (eq. (^41) ) we calculate the hows of the bare- 
parameters m^, A^, i.e. their dependence on the renormalized parameters m|, A^. In the 
self-consistent Hartree-approximation we take = 1 (see the discussion in ref. [T 
One has to distinguish between two cases, > 0 and < 0: 
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a) m\ > 0: The renormalization conditions together with the expression of the GEP 
lead to 


+ 12AB/o(a;o), 

" " l + 6A,/_,(a;o) • 


( 111 ) 

( 112 ) 


Now a specific choice for Xq has to be made. There are two possibilities for the extremum 
condition 






(113) 


to be satisfied. The hrst one is a; = 0, independent of $0 and the bare parameters. The 
other is given by the solution of the ’’optimization equation”: 


x^rn\ + 12AB[<I>g + Jo(x)]. 


(114) 


In the present case (m| > 0) only 


Xa = rfi\ + 12Ab/o(2:o) = 


(115) 


applies (cf. Appendix D), where we used eq. (|111| ) for the second identity. By solving 
eq. ( | 111 |) and eq. ( | 112 |) one now obtains expressions for Xg,m^ in terms of the renor- 
malized parameters. For the explicit calculation of the renormalized GEP we use the 
parametrization 


ml = - 12A,Jo(0), (116) 

A = ^ 

" UiXoV 

which allows us to write the following equations in a more convenient form. We will need 
a subtraction formula for the Im -integrals, 



X 


h(x„) - 4(0) = --4,(a:o) + 2/'(x), 


(118) 


where Xq = a:(<I)o = 0) has been chosen as a reference point. The function f{x) and its 
derivative f'{x) are dehned and calculated in Appendix G. Moreover, it is more trans- 
paren t to st art from the derivative of the GEP with resp ect to $ 3 , to insert the flow 
eqs. (|116|) , ( p.l7|) as well as the optimization equation (|114|) and to integrate the resulting 
expression: 


dVa 

d^l 


I dVc If . 

-;- = - ix — SAgd) 

2 <l>o d<!>o 2 y 

1 

(1 + 


m 


^ + 12))/'(i) + 2t)(l - 12)))'i>5 


(119) 


where 


m" 127] 


X = - -h 


<!> 


X 


/-I /-I 

1 

(1 + 67])I^i L 


-I_, + 2f\x) 


+ 12?7 + 2f\x)^ 


( 120 ) 
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Start ing with eq. (|12CI|) we omit the argument of /.^(xo): /_ 
( |119|) is transformed into a total derivative via 


/_i(a;o)). Now expression 


dx 


12r] 

(1 + 

(1 + 677)J i 


12r] 


1 + 2 




( 121 ) 


Inserting this into eq. (|119|) leads to 

dVa + 477(1 — 1277)$^ 




and after integration to 


2(1 + 677)/_i 


+ 1 - 


2477 /" (x) 

(1 + 677)J_i^ 


fix) 


dx 


( 122 ) 


VG(<ho) = / 

JO 


H dV, 


= 


0 d<h;2 

= fix) - fixo) + 

= + fix) - fiXo) 


777 ^$q + 277(1 — 1277 )< 1 >q — 2477 (/'(x)^ — fiXo )' 


2(1 + 677)/„i 


1277 


(1 + Qr])I_i 




(123) 


This is the resulting (dimensionless) expression for the renormalized GEP which will be 
analyzed below with respect to the position of local or absolute minima in terms of the 
renormalized parameters. Fig. 1 (right) shows an example of the renormalized GEP for 
7+1 > 0. 

b) 7+1 < 0: I n th is case a minimization of the GEP at <l>o = 0 is only possible through 

Xq = 0 (ch _ eq. (|113| )): B y defi n ition there is no solution Xq < 0 to the optimization 

equation ( p.l4| )). Thus eqs. (|109|) , ( |110|) become 


+ 12As/o(0), 

Afl = As, 


and for the flows one obtains 


- 12As/o(0), 

As = As. 

With this flow the optimization equation (cf. eq. (|114| )) 

X = 771^ + 12As $0 + ^oix) - hixo) 
has no positive solution for x within the interval 


0 < 

^ — 0 o,cnt 


Thus the integration has to be split into two parts: 

1 


777 , 


12A, 


Vn(^ < 4) d = -777^4)^ + 


(124) 

(126) 


(126) 

(127) 


(128) 


(129) 


(130) 
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VG(<J>i 


> ^Icrit) = 


^0,crit + 


/■^O 

f$2 

^0,cr^^ 




(131) 


Fig. 2 (left) shows an example for the renormalized GEP for < 0. One should note 
the difference in the scales of the ba re an d the renormalized potentials. 

The ’’scaling condition”, eq. (|108|) , restricts the physical observables with respect 
to the cutoff. In our framework the self-consistent mass is given by the value of G at the 
absolute minimum of the GEP. This allows to express the upper limit for the mass G in 
the broken phase in terms of v, i.e. the vacuum expectation value of the scalar held <I> at 
the minimum of the GEP (cf. eq. (|43|)): 


= 


Srjv'^ 

/-I (Xa 


(132) 


The second derivative of the GEP with respect to <I>o has to be positive at <I>o = v. This 
gives an upper bound on rj\ 

(133) 


The lower bound results from eq. ( |132|) . Eqs. ( |132| , |133| ) have to be consistent with the 
upper limit for <1/2 (cf. eq. (|10^)); this yields 




< 


2^2 


8riv‘^ 

I-i{Xo) ~ ^I-i{Xv) 


< (6,9v) 


(134) 


If one assumes that G represents an approximation to the Higgs-mass, the mass of the 
radial mode in the f/(l)-model, then one obtains as an upper limit to the Higgs-mass: 


Mnigg, < 6.9 ■ 246 GeV ~ 1.7 TeV. 


(135) 


Here we use v = (v^Gf)”^/^ ~ 246 GeV. This mass in turn corresponds to a minimum 
cutoff of 3.4 TeV. In comparison, the customary upper limit to the Higgs-mass in the 
literature is Mnigga < 1.2 TeV, obtained from unitarity arguments in hF^-scattering 
with Higgs exchange. Of course, also our limit on Mgiggs may change when we consider 
the complete Higgs model with vector helds. 

On the basis of our upper bound we calculate the parameters which appear in our 
renormalization procedure for a cutoff value of 3.4 TeV, which is twice the limit on the 
Higgs-mass. Furthermore, we choose three different values for the Higgs-mass (200 GeV, 
800 GeV and 1.2 TeV) and take the vacuum expectation value to be 246 GeV as above. 
The results are shown in Table 1. As can be seen, the light Higgs bosons are coupled more 
weakly than the heavy ones. The hrst two Higgs bosons correspond to case b) < 0, 
i.e. the renormalized GEP has only one minimum at v = 246 GeV and a local maximum 
at $0 = 0. This also leads to being equal to A^. The heavy Higgs boson corresponds 
to case a) rh| > 0, so the renormalized potential has two local minima, one at <I>o = 0 
as well as an absolute minimum at a hnite value of <I>o. One can show that case a) can 
only become relevant for cutoff values larger than about 2.7 TeV. Figure |l| shows the 
bare potential as well as the renormalized GEP for Higgs-masses of 200 GeV (left) and 
1.2 TeV (right). The bare potential has been rescaled by a factor 100. 

The underlying 0(l)-symmetry may be realized in the ’’symmetric” as well as in 
the spontaneously broken phase, characterized by an absolute minimum of the GEP at 
> 0. Fig. 1^ (right) shows the phase diagram in terms of the renormalized parameters. 
The critical line in coupling constant space is determined by VG(n) = Vg(0). The range 
of di mensionless parameters plotted in Fig. ^ corresponds to the scaling condition, eq. 
(|108|) , which the physical mass has to obey. The system is in the broken phase for all 
pairs of coupling constants which lie below the critical line. There is no symmetric phase 
for < 0 and no symmetry breaking for A^j > 0. 

Since renormalization amounts to a hnite reparametrization for a given cutoff, the 
phase diagram may be represented also in terms of bare parameters. This is shown in Fig. 
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A/niggs 

200 GeV 

800 GeV 

1200 GeV 

As 

0.083 

1.322 

2.974 

A« 

0.083 

1.322 

-1.700 

*) 

rriB 

-(405 GeV)" 

-(1559 GeV)^ 

-(2261 GeV)" 

ml 

-(136 GeV)2 

-(326 GeV)2 

(220 GeV)2 


0 

0 

(220 GeV)^ 


Table 1: Bare and renormalized couplings for three different Higgs-masses 
for a cutoff of A = 3.4 TeV and a vacuum expectation value v = 246 GeV. 


^ (left). The symmetry is spontaneously broken for all values between the critical line and 
the —m|-axis. This is similar to the quasiclassical behaviour (tree-level). The relation 
of the bare-parameters Xg and is almost linear, which results from the rather linear 
behaviour of the integrals Io{x) and Ii{x) within the range 0 < x < | (cf. Appendix C). 


6 Discussion and Conclusions 


Although spontaneous symmetry breaking for the 0(A^)-model has been discussed before 
in the framework of the Gaussian Effective Potential 0, only massive excitations were 
found. This violation of Goldstone’s theorem was ascribed to symmetry breaking ”at 
the operator level”, i.e. current non-conservation because of the non-zero vacuum ex¬ 
pectation value of the held. As will be demonstrated below, the earlier approach indeed 
explicitly breaks the 0(2)-symmetry. However, the argument concerning the Noether 
current needs some rehnement. The explicit symmetry breaking and, equivalently the 
non-conserved current, is due to a variational ansatz with two mass parameters. In con¬ 
trast, our approach, using one mass parameter, does not have these problems and we 
recover Goldstone’s theorem. The two different masses emerge, via a Bogoliubov trans¬ 
formation, after shifting the held. This transformation modihes the trial ground state and, 
concomitantly, its energy. Therefore, the ansatz with one mass parameter can eventually 
be superior to the ansatz with two mass parameters. 

Let us compare our method to the one of ref. in some more detail. For the 
Noether current of the 0(2)-model one has 

P = 027ri - 0l7r2, 

j = (j)iV(j)2 - 02V01. (136) 

Since dofj = 7ij{j = 1, 2), one generally obtains 


doP + Vj = h{do7ii - A0i) - (j)i{do7i2 - A02). (137) 

It is easy to verify that Heisenberg’s equations of motion yield current conservation. The 
ansatz in ref. 0 corresponds to the held expansion 



( 138 ) 
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Figure 1: The renormalized GEP Vg x 10^ (thin line) compared to the bare potential Vbare x 10^ (thick 
line). On the left side a Higgs-mass Mniggs = 200 GeV has been chosen, on the right side Mniggs = 1.2 
TeV. The bare potential has been rescaled by a factor 100. 




Figure 2: The phase diagram in terms of the bare (left) and the renormalized parameters (right). 

a) Bare parameters: the system is in the broken phase below the curve and above the —m|-axis. The 
end of the critical line corresponds to a maximum value 1/4 for Xy. 

b) Renormalized parameters: the system is in the broken phase below the critical line. 
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Comparing to our ansatz, cf. eq. we encounter two different mass parameters 

and f22. It is important that the variational principle then indeed yields two different 
values for the masses a nd 11 2 in case of a non-zero vacuum expectation value of the 
scalar held. Inserting eqs. (|138|) into eq. ([1371) gives 


dop + Vj — ~ (i-39) 

We see that the Noether current associated with the (9(2)-symmetry is non-conserved for 
00 7 ^ 0. If the symmetry is unbroken , i.e . 0o = 0) one obtains fli = Vt 2 and the current 
is conserved. It is evident from eq. ([139| ) that the ansatz with one mass parameter, eq. 
(|5^), does not violate current conservation, irrespective of the vacuum expectation value 
of the held. In this way one can combine spontaneous symmetry breaking and current 
conservation, which are both basic ingredients of the proof of Goldstone’s theorem. 

It may also be instructive to compare the diherent approaches at the level of the 
ehective Hamiltonian which is dehned in this work. We claim that the 0(2)-symmetry 
gets broken explicitly when we use the gap equations of 0- This can be seen as follows. 
Normal ordering of the Hamiltonian with respect to the ground state dehned with two 
mass parameters 0 and a subsequent subtraction of the vacuum expectation value give 


Hr = H 


J d'^xVc = 

: j + 7r|) + + (VM") 

+ 0 + ISAsJg ^ + 4AsJo 


+ ^ + 12AsJg ^ + dA^Jg -Z’^02 + 


:+G, 


(140) 


where C = fl 2 , (/>o) is an irrelevant constant and = /o(H^),j = 1,2. Since 

only operator identities were inserted and a constant was subtracted, the Hamiltonian 
Hr is 0(2)-symmetric. The transformation properties of the normal ordered operators 
appearing in Hr are remarkable. For example, an 0(2)-rotation with an angle (3 leads to 


: 01 : ^ : (01 COS0 - 02sin0)^ + sin^0(/® - Jg^^) :, 

: 02 : ^ : (01 sin0 - 02cos0)^ + sin^/3(Jo^^ - Jg^^) :, (141) 

and consequently the bare mass term ITg := : [0i : +0^] : is invariant. Moreover, 

from the invariance of the original 0^ term follows the transformation of the normal 
ordered quartic term 



0^ 


(6^^^ + 2^'^) 
( 24 '^ + 6jf) 


(01 COS 0 — 02 sin 0)^ 
(01 sin 0 + 02 cos 0)^ 


02 + sin2 0(4^^ 
0^ + sin2 0(/4^ 




) 

)1 : • (142) 


Therefore, the term Wi := As : 0"^ + (b/^^ + 2/o^^)0i + (2/4^ + 6/o^^)02 
ant. Now consider the two gap equations (cf. eq. (^^), which read 


= m^ + 4As[3/4^ + /f^+3Z^02 

= ml + 4As + 3tf) + Z^4 . 

They are supplemented by the 0o equation (cf. eq. (pTj)) 

+ 4AbZ|0q + 4AsZ^0g(3Jg ^ + Jg ^) = 0. 


: is also invari- 


(143) 


(144) 
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These are the variational equations and symmetry properties in the two mass parameter 
case. In ref. 0 it is shown that the equations (p.43| , |144|) indeed support solutions 
00 7 ^ 0 , fli 7 ^ 142 and for 0o = 0 one obviously has 14i = 142- In the following, the broken 
phase is considered. The sum of the invariant terms, 


W = Wo + Wi, 


(145) 


appears in the Hamiltonian. As in section (3), the bare mass and the Jq functions can be 
eliminated by means of the variational equations. This simplihes W: 


IV = : + Qi 4^ - 6As0o^ 0^ + Ql4^ - 2As0o^ 


2 . 
2 ■ 


2i2 


— '■ ^B(l^ + 2^202 ~ 2As0q0 


(146) 


Let us now, i.e. after this substitution, check the invariance of W. O bviously, the last 
term of W is invariant. A rotation of the quartic term in eq. (|146|) , however, is not 
cancelled by the corresponding one in the operator 4l4|0|. In other words, the symmetry 

is explicitly broken by the insertion of the variational equations of ref. ||^. On the other 
hand, one easily verihes that the procedure followed in our work, i.e. starting with one 
mass parameter, preserves the explicit 0(2)-symmetry (cf. eq. (|5^). Only after the shift 
the symmetry is no longer manifest (see eq. (^)). This explains why we obtain massless 
bosons, in accordance with Goldstone’s theorem. 

In this paper, effective Hamiltonians for scalar held theories have been derived within 
a variational approach using Gaussian wave functionals as ansatz for the ground state. The 
regularized expectation value of the Hamiltonian has been minimized and, subsequently 
been subtracted from the Hamiltonian in order to arrive at an effective theory. This 
effective theory can be split into a free Hamiltonian, which already contains variationally 
determined parameters, and a residual part. The latter can be treated perturbatively. 
In contrast to perturbation theory from the onset, spontaneous symmetry breaking and 
its consequences, are -in principle- included in such a framework. Furthermore, the 
appearance of spontaneous symmetry breaking is demonstrated beyond the classical level, 
i.e. on the level of a self-consistent quantum theory. 

The main new results of our work are obtained for the 0(2)-model, the standard 
example for Goldstone’s theorem. The appearance of massless particles is conventionally 
derived on the classical level. One minimizes the classical potential and, after shifting 
the relevant component of the held, zero mass terms occur in the Lagrangian. Of course, 
this does not guarantee massless excitations on the quantum level. The variational cal¬ 
culation of this paper, including quantum effects via the Gaussian Effective Potential, 
indeed shows spontaneous symmetry breaking. In the ansatz with one mass parameter 
the symmetry can only be broken by a non-zero expectation value of the held. In this 
case, the quadratic part of the ehective Hamiltonian is not diagonal and, in contrast to 
the one-component case, the mass parameter is not equal to the physical mass. Diago- 
nalization of the quadratic Hamiltonian via a unitary Bogoliubov transformation yields 
one massive and one massless excitation, i.e. the Goldstone boson. Moreover, it has been 
explicitly shown that taking into account the one-loop corrections to the ehective Hamil¬ 
tonian, or equivalently including the remaining terms in lowest order perturbation theory, 
the Goldstone boson remains massless. The analogous calculation in quantum mechanics 
(zero space dimension), however, leads to a hnite non-zero frequency. 

The expectation value of the Hamiltonian is a priori ill-dehned. Also the equations 
following from the variational principle contain inhnities. Gonsequently, the theory has 
been regularized. On a formal level the results are independent of the chosen scheme. 
The only assumption is that the variational equations indeed are satished. Here we have 
chosen to work with a hnite momentum cutoh and redehned (only) mass and coupling 
constant. In contrast to the case where the regulator is hnally removed, spontaneous 
symmetry breaking occurs. Other possiblities including a wave function renormalization, 
e.g. the autonomous scheme, are not discussed. It should be emphasized that the formal 
developments of this work do not exclude such schemes. 
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Up to now, the Standard Model is in perfect agreement with experiment. The only 
missing link is the Higgs particle, which has not been detected yet. The simple reason may 
be that the Higgs is too heavy for the present energies. Phenomenologically, a bound on 
the Higgs-mass is therefore of crucial importance. Assuming the value of the symmetry 
breaking parameter, the condensate, and interpreting the variational mass of the one- 
component theory as the Higgs-mass, we obtain an upper bound for the Higgs-mass of 
1.7 TeV. The two-component scalar theory probably improves this estimate but we believe 
that a complete treatment of the Higgs model is in order. Also from the theoretical side 
it is interesting to investigate the Higgs model along the lines given here. A pertinent 
question is, for example, whether it is possible to describe both the Higgs as well as 
the Coulomb phase within one gauge. At present, a study of the Abelian model in the 
Coulomb gauge is in progress. 
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Appendix A: Diagonalization of the quadratic Hamil¬ 
tonian for arbitrary angles 

In order to diagonalize the Hamiltonian for arbitrary angles it is more convenient to use 
the complex held representation 

$ 

$t 

H 
Ht 

and the corresponding relations for the creation and annihilation operators. The quadratic 
part of the Hamiltonian in terms of these helds reads 


'-(01 + # 2 ), 
^(01 - * 02 ), 


-(tti - m2 ), 


'-(tti TiTTa), 


(A.l) 


H. = 


(Tx 


nfn + (v$'f)(v<i>) + D2$t,i, 




(A.2) 


Of course, one can also use the complex representation from the beginning; the result is 
the same. In momentum space one has 


Ho 



a\k)a{k) + b\k)b(k) 


+ 


k? n 

2uj{k) V2^ 


2ia 


a\k)a}{—k) + 2a\k)b(k) + b{k)b{—k) 
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(A.3) 


+le-2*« \a{k)a{-k) + 2h\k)a{k) + h\k)h\-k)\ ) . 

These creation and annihilation operators are linear combinations of those in the main 
text (cf. section (3)). Anticipating massless particles we first change the normalization 

a{k) = \l2{2nYu{k)a(k), (A.4) 

and analogous expressions for a\h and Y. It should be emphasized that the a, o' and 
b, Y are not the operators of section (3) (with the same symbol) but depend linearly on 
them. (We thought it would be more confusing to introduce new symbols than dealing 
with this small inconvenience with respect to the notation.) The commutation relations 
are now independent of u 

[a{k), aYk')] = S‘'{k — k'), 

[b{k),bKk')] = S‘'{k-k'). (A.5) 

The measure in the field expansion also needs to be adjusted 

4>(f) = J {dk}n{b{k)e^^^-^ + aYk)e-^^-^}, (A.6) 

with 

{dk}» = , . (A.7) 

Y2{2TiYuj(k) 

For the Hamiltonian one obtains 

Ho = J (Hk u{k) [aYk)a{k) + bYk)b{k) 

H-^ aYk)aY—k) + 2aYk)b{k) + b{k)b{—k) 

2uj{k) V2 L J 

a{k)a{—k) + 2bYk)a{k) + bYk)bY—k) ^ . (A.8) 

2 ^ -I / J 

In order to diagonalize we make the ansatz for the operators C and D 

C(k) = aiaik) + a2a\—k) + jdibik) + I32b\—k), 

C\k) = a\a\k) + a 2 a{—k) + I3lb\k) + jd^b^—k), 

D{k) = ^ia{k) + ^2a\-k) + 5ib{k) + 52b\-k), 

D\k) = 7j'a^(fc) + 72a(—fc) + 5\b\k) + 5Y){—k), (A.9) 

where the /T-, 7,-, 5j are complex c-number functions of k, H and a. The new operators 
fulhll the standard, commutation relations 

'C{k),CYk')] = 5Yk-k'), 

'D{k),DYk')] = 5Yk-k'). (A.IO) 

Since the Hamiltonian should be diagonal in these operators, one has 

'C{k),H,] = ei{k)C{k), 

'D{k),Ho] = e2{k)D{k), (A.ll) 
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where ei^ 2 {k) are the energy eigenvalues. Inserting eq. (|A.9|) yields an algebraic eigenvalue 
equation for each k. Its solution gives the energies 

ei{k) = {k‘^ + 2Vt^)^ 
e,{k) = {P)"^=k, 

and the complex functions 




(A.12) 


(y.\ — 

4 y/euj 

0.2 

= ^y2e*“^ 

4 A 

— OJ 

/ecJ ’ 

A = 

4 yjeuj 


= 7^26-*“ 
4 

e — uj 

A/ew ’ 

7i = 

1 k+LO 

72 

= 

4 

,k-uj 

^1 = 

1, /9o*a k+LO 

^2 

= -726“*“ 
4 

k — UJ 
a/^ 


(A.13) 


These functions determine the transformation, eq. which, as one can explicitly 

check, indeed diagonalizes the Hamiltonian, eq. 


Hn = 


rfk [e(«:)C'(i)C(J) + kD\k)D{k)\ , 


(A.14) 


where we omitted an irrelevant constant. Moreover, wit h eqs . (|A.5|) and (|A.9|) , the 
invariance of the canonical com mutat ion relations, cf. eq. (|A.10|) , follows. Note that the 
diagonalized Hamiltonian, eq. (|A.14|) , is independent of the angle a. This a posteriori 
justihes hxing it to a convenient value as was done in the main text. 

Fin ally, we want to derive the explicit operator form of the unitary transformation, 
eq. ( |A.9|) . In other words, the operator U is to be determined such that 

C{k) = Ua{k)U\ 

C't(fc) = Ua^{k)U\ 

D{k) = Uh(k)U\ 

D\k) = Uh\k)U^. (A.15) 

After dehning the canonical operators A and B as 

1 


A{k) = -V2 [e-^^a{k) + e*' 


A\k) = -V2{e^a\k)+e-^ 

B{k) = ^72 (e-'“a(fc) - e*“6(fc)) , 

B\k) = ^\/2(e*“a^(fc), 
the transformation reads 

fc) =: A(fc) coshp + A'*'(—fc) sinhp, 

Z \/€UJ 2 \/€.ijJ 


(A.16) 


= \~j^A\k)+ ^^-y^A{—k) =\ A\k)coAip +A{—k)Anh.p^ 

2 \/ €UJ 2 \/ €UJ 


^0) = B{k) — B''{—k) =: B{k) cosher + B^—k) sinhcr. 


2 


2 \/]^ 


D\k) = 00. B"'(k) — ^ ^ 00. B{—k) =: B\k) cosher + B{—k) sinhcr, (A.17) 


2 \/^ 


2 
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with 

, e — u 

tanh p = -, 

e + a; 

and 

uj — k 

tanhcr = --. 

oj + k 

Consequently 

C{k) = U,A{k)Ul 
C\k) = U^A\k)Ul 
D{k) = U^B{k)Ul 
D\k) = U^B\k)Ul 

with 



(A. 18) 
(A. 19) 


(A.20) 


f /3 = exp — J (Fk {p(i;) (A'(k)A'{-k) - A(k)A{-k)) + a{k) [B'(k)B'{-k) - B(k)B{-k))) 

(A.21) 

The transformation given by eq. (|A.16D is most conveniently written as the product of 
two unitary transformations. With 


a{k) := e '^°‘a{k) h{k) := e*" 6 (fc), 

a){k) := F^a){k) V^ik) := e-^^h\k), (A. 22 ) 

it consists of a rotation over an angle ip, = | 

A{k) = a{k) cos ip + h{k) sin ip, 

A\k) = a^{k) cos (p + 6 ^(fc) sin (p, 

B\k) = a{k) cos p— h{k) sin p, 

B\k) = a\k)cosp— h\k)sinp. (A.23) 

The second unitary transformation therefore is 


U 2 = exp 


p j d'^k ^\k)a{k) — a\k)h{k)^ 


(A.24) 


The hrst one only yields the phases, cf. eq. (|A-22|), 


Ui = exp 


ia f d'^k ^\k)a(k) — a\k)h(k)^ 


(A.25) 


In this way we dually have 


U = U 3 U 2 U,. 


(A.26) 


Appendix B: Infrared Analysis and Comparison 


In order to prove eq. (|105| ) and to compare to quantum mechanics a careful infrared 
analysis is in order. Of course, the dimensionality of space is of crucial importance. 
Consider, for instance, the infrared behaviour of the integrals /o((5^). For 5 | 0 one hnds 




rsj 






5 1 / = 0 , 

log 5, z/ = 1 , 
(5, ZA = 2, 

(5^, z/ = 3. 
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(B.l) 


















In quantum mechanics, i.e. for i/ = 0, we actually have 


Jo(M 2 ) = 


2M 


(B.2) 


Let us now come back to eq. (|103|) for > 1, i.e. held theory, and introduce the 
notation A = \J , B = \J+ M| . Rewrite the hrst integrand as 


+ 


Mo 


AB \M2- A- Bj AB\A + B {M 2 - A - B){A + B) 


(B.3) 


Herewith, the hrst contribution can be expressed in terms of the Jq integrals and a re¬ 
maining term Ri, 


r (Rq 1 


2A 


B 


M2 J 2 {2 t^ f AB M2 - A - B M2 

The last term explicitly reads 


R^=2Xb{MI + 0{5‘^)) J 


(Rq 


h{Ml)-R{Ml) +0(hlog5) + Ri. (B.4) 


(B.5) 


2(27r)3 AB {M 2 -A- B){A + B) 


In one space dimension this is logarithmically div ergen t. Similar manipulations for the 
second contribution lead to the same result as eq. (|B.4|) but with the remainder 


R 2 = 2\b{MI + 0{6^)) J 


(Rq 


2(27r)3 AB {M 2 + A + B){A + B)' 
Adding Ri and R 2 actually improves the infrared behaviour: 

(Rq 1 1 2 M 2 


Ri + R2 = 2Ab(MJ + 0(5^)) f 


2(2ir)!> AB (A + B) (M'i -(A + Bf) 


(B.6) 


(B.7) 


Thus we obtain an 0(51ogh) cont ribut ion for z/ = 1 and an 0 (h) contribution for z/ > 2, 
respectively. With eqs. (p.4| ) and (|B.7|) , the proof of eq. (|105|) is now trivially completed. 

These infrared arguments cannot be taken over immediately to quantum mechanics, 
K = 0. The 0(hlog(5) (z/ = 1) terms have to be replaced by 0(1) and thus one cannot 
exclude hnite corrections. Indeed, these were obtained in the explicit qu antu m mechanical 
calculation. However, one can also deri ve th at result starting from eq. (p.03| ). Apart from 
eliminating the basic integral via eq. o, one only needs evident identihcations, e.g. 
Ml <->■ cju- 


Appendix C: Integrals Ijy at finite cutoff 

The integrals Ijy with hnite momentum cutoh read 

A dk 




10 (27ri^ 
A^ 


= [ 

Jo 


Ibvr^ 

A dk 


\/(l + ^) 

k^ 


X r. - X" , / 1 -|- yl + x 


3 - |\/1 + X 


In 


X 


0 (27r)2 


Svr^ 


\/l + X — X In 


'1 -h a/I x' 


X 
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i-.m = [ 

Jo 


^ dk 




0 (27r)2 ^(A;2 + f]2)3 


47r2 




In 


'1 + ^TT 


X 


X 


X 


(C.l) 


{k := \k\). Fig. ^ shows the above integrals {In{ x) := J^((]2)/A2(iV+l)) 

as functions of x 

for all X which satisfy the scaling condition ( [10^) . The subtraction formula used in the 


text, 




hikl^) - /o(0) = + 2/'(f]^), 


(C.2) 


where ffo = ^ 2(00 = 0) has been chosen as a reference point, dehnes the derivative f'{x) = 
df{x)/dx of a function /: 


fix) := 


rm 

A 2 


Ibvr^ 


\/l + X — 1 


X 


V^l + Xf) 


Vv^(l + y/l+Xo)^ 


(C.3) 


where Xq := With the condition /(O) = 0 it follows that 

1 


fix) := 


A4 


/ y/^jl + a /1 

2 \ A VI T ^o) / 


X 


2 \/l + Xq 


(C.4) 


The second derivative will be used as well: 


fix) := rm = 


IbTT^ 


1 _1 _ In v/t;^(i + yi + x) ' 

a/ 1 + X Vl T ^0 \ a/^( 1 + a/1 + Xq) / _ 


(C.5) 


(/"(x) = diix)/dxf f"iQ^) = d^f{Q^)/diQ^y^ 


Appendix D: The case Q = 0 

The minimization of the GEP by G = 0 at the nontrivial minimum does not correspond 
to a stable minimum of the potential with respect to 0o The minimum in this 

case would be at <pl = vh := —m|/4Ajj, which is only possible for m\ < 0. One can easily 
realize that the extremum is unstable by considering 


d^Vr 


G 


do? 


</’o='"ciP=0 


det Hess (V/(0o,O)) 


m|/_i( 0 ) < 0 , 


d^Vn 

a^Vn 


90090 

d^Vn 

a^Vn 


ddo 

—2m^J_ 

.(0) < 


For m\ > 0, the GEP which is minimized by G = 0 has a minimum only at /o = 0. 


(D.l) 
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Figure 3: The integrals Ip, as functions of a; = for all x which satisfy the scaling condition (108). 
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